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Abstract: Lie symmetries of various geometrical and physical quantities in gen- 
eral relativity play an important role in understanding the curvature structure of 
O , manifolds. The Riemann curvature and Weyl tensors are two fourth-rank tensors in 

the theory. Interrelations between the symmetries of these two tensors (known as 
collineations) are studied. Some illustrative examples are also provided. 
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Let us consider a smooth four-dimensional manifold M on which (7 is a spacetime 
metric. On this manifold Rl^d represents the Riemann curvature tensor, and its trace 
Rab is the Ricci tensor. The Lie symmetries of these tensors play an important role 
in understanding the curvature structure of spacetimes in general relativity [1, 2]. 
Symmetries of the metric tensor, called isometries or Killing vectors (KVs), are given 

by 

i^xg = 0, (1) 

where £^ is the Lie derivative along the vector field X. Putting 0g on the right side of 
Eq. (1), where is a function of the coordinates, gives the conformal Killing vectors. 
However, if is a constant X is called a homothetic vector (HV). Replacing g by any 
other tensor field gives the symmetries of that tensor, called collineations [3] . Thus 
curvature collineations (CCs) are the symmetries of Rl^^i, and Weyl collineations 
(WCs) are those of the Weyl tensor 

The Weyl tensor describes the purely gravitational field for a given space. Math- 
ematically the curvature and the Weyl tensors have similar forms, but their symme- 
tries (i.e. CCs and WCs) are different. If we replace g by the curvature tensor, Eq. 
(1) defines CCs. This can be written in component form as 

Rl,jXf + R%,X;, + Rlf,Xf^ + RlfXf, - Ri,X^f = 0, 

where "," denotes the partial derivative. Similarly we define WCs. While the metric 
tensor is always non-singular and KVs form a finite dimensional Lie algebra, CCs 
and WCs can give rise to finite as well as infinite dimensional Lie algebras. The 
curvature tensor can be represented by a 6 x 6 matrix on account of its algebraic 
symmetries, whose rank gives the rank of the tensor. Similarly the Weyl tensor can 
also be written as a 6 x 6 matrix. It is possible that its rank is greater or less than 
the rank of the corresponding curvature matrix. If the rank of the curvature matrix 
is > 4 then the Lie algebra of CCs is finite dimensional [4]. Clearly the set of KVs is 
contained in the set of WCs and CCs, but the question arises about the relationship 
between WCs and CCs. 

An example of a spacetime is provided in Ref. [5] for which WCs are properly 
contained in the CCs. Consider the plane symmetric metric 

ds^ = e'^'^Ut'' - dx^ - e^(")(^l/' + dz''). (2) 



It has 4 KVs 
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When z/ = and e^ = (r/a)"^, the non-zero component of the curvature tensor is 
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and those of the Weyl tensor are 



^0 ^ ^0 _ ^ _ r<^ 

'-'101 - 2^2 '^202 ~ Q~ '-'212) 

1 1 

/^O _ -^ _ ^1 ^2 
•-"SOS ~ ^ o ~ '-"313' '-"32 



'''^'~ 6a2 --313,-323- 3^2- 

Here the Ricci tensor is of rank 2 and is degenerate. This case has one extra KV 



one proper HV 



and one additional WC 
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Thus CCs form an infinite dimensional Lie algebra, and therefore WCs are properly 
contained in the CCs. 

Now we take another example, with e'^ = e'^ = {x/a)^ (a, 6 7^ G M) in Eq. (2). 
The non-zero components of the curvature tensor are 

po _^2-6 1 _ 1 _ X ^, h{2-h) 
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It has two additional KVs 
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and one proper HV which is also a CC 



^'^f'l+^ + ^'-c^^'- 



It has infinitely many WCs and every vector field is a WC The CCs are also infinite 
dimensional but not every vector field is a CC. Thus CCs are contained in WCs. 

Some interesting cases of the interrelations between CCs and WCs given in Ref. 
[6] are worth mentioning here: 

a. Spacetimes exist for which CCs are properly contained in WCs, with either CCs 
and WCs each finite dimensional, each infinite dimensional or with CC finite 
dimensional and WC infinite dimensional. Examples also exist when both are 
equal in the finite- as well as infinite-dimensional cases. 

b. Spacetimes exist for which WCs are properly contained in CCs, with either 
WCs and CCs each finite dimensional, each infinite dimensional or with WCs 
finite dimensional and CCs infinite dimensional. 

An interesting example of a case is also provided in Ref. [6] where neither of the 
sets of CCs and WCs is contained in the other. 
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